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Abstract-Let X and Y be Banach spaces, and let T : X - Y be a bounded linear operator 
with closed range. In this paper, we give optimal lower and upper bounds for the perturbation of 
consistent operator equations Tz = 1/, and more general least-squares problems in Hilbert spaces. 
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1. INTRODUCTION 
Let X and Y be two complex Banach spaces, let T : X + Y be a bounded linear operator with 
closed range, and let y E Y be a fixed vector. In [l], a classic perturbation theorem for invertible 
bounded linear operators has been generalized to the following consistent operator equation: 
TX = y. (1) 
When X and Y are Hilbert spaces, an optimal upper bound for the perturbation analysis of 
least-squares problems 
IlTx - YII = ;;ig IP - YII (2) 
has been given in [2]. 
The linear operator equation (1) and the least-squares problem (2) have many applications in 
solving differential and integral equations [3,4]. In finite-dimensional cases, they are the main 
topics in numerical linear algebra, and in [5], 1 ower and upper bounds were presented concerning 
the relative error with respect to the distance of the unperturbed solution and the null space of 
the matrix. Here we use a different approach for the lower bound. 
In the next section, we give the lower and upper bound result for the perturbation of (1) and 
the main result for the perturbation of (2) will be presented in Section 3. 
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2. CONSISTENT OPERATOR EQUATIONS 
We denote by B(X,Y) the Banach space of all bounded linear operators T : X -+ Y and 
l\Tll = sup{~~T~~~/~~~~~~}, where 11 /I is the norm of X or Y. R(T) and N(T) are the range and the 
null space of T, respectively. If X = Y, we write B(X) = B(X, X). The set of all T E B(X, Y) 
such that R(T) is closed in Y will be denoted by B,(X, Y). We assume that T E B,(X, Y) is 
such that both R(T) and N(T) have a topological complement R(T)” and N(T)“, respectively, 
so that the corresponding generalized inverse Tt : Y -+ X defined by TtTx = x for x E N(T)” 
and Tty = 0 for y E R(T) ’ is well defined as a bounded linear operator. TtT is the projection 
from X onto N(T)” along N(T) and TTt is the projection from Y onto R(T)” along R(T). It is 
well known that the solution set of (1) can be written as Tty + N(T). If X and Y are Hilbert 
spaces, and if N(T)” = N(T)’ and R(T)” = R(T)‘, then the corresponding generalized inverse is 
called the Moore-Penrose generalized inverse of T. In this case, TtT is the orthogonal projection 
from X onto N(T)’ and TTt is the orthogonal projection from Y onto R(T)‘-. See [3,4] for 
more details on Tt 
We shall need the following simple lemma on a lower bound and an upper bound of solutions 
to operator equations. 
LEMMA 2.1. Let X be a Banach space and let A E B(X) b e invertible such that A-’ E B(X). 
If Aa = b. then 
fi 5 Ml 5 IIA-q Ilbll. 
PROOF. llbll 5 IIAIIII a since b = Aa, so the left inequality follows. Also, l/all < IIA-lljllblj II 
since a = A-lb, so we have the right inequality. 
Now we prove the following theorem on the perturbation of consistent linear operator equations. 
Let T E B,(X,Y) and y E R(T). Suppose (1) is perturbed to the consistent linear operator 
equation 
i% = y, (4 
where5?=T+STandQ=y+byE R(p). D enote by S and 3 the solution set of (1) and (4), 
respectively. Let K = llTllI/Ttll be the condition number of T. 
THEOREM 2.1. Suppose that IITtGT/I < 1. Th en, for any 2 E 3, there is x E S such that 
IITt(dy - bTx)ll < I/z - 211 
211~11 - llxll ’ l- ll:t~Tll (5) 
PROOF. For the given 5, let 
x = Tty + (I - T’T) Z. 
Then, from the proof of Theorem 3.1 in [l], 
(I + Tt6T) (5 -x) = Tt(6y - 6Tx). 
Since IITtGTII < 1, I + TtbT is invertible and (I + Tt6T)-l E B(X). Thus, Lemma 2.1 with 
A = 1+ Tt6T, a = 1- x, and b = Tt(6y - 6Tx) implies that 
llTt(sy -STx)ll _ 
III+ TtGTII 
I 11~ - 511 I II(I + Tt6T)-111 llTt(by - 6Tx)II. 
Since l/1 + Tt6TII 5 11111 + IITt6TII < 1 + 1 = 2 and 
)I(’ + Tt6T)-111 ’ 1 _ ,&,,,I ’ 
f IITt(dy - 6Tx)II I 115 - xl1 5 1 -‘\;!\Tll IlSy - 6Txll. 
Lower and Upper Bounds 
Therefore, 
57 
lp+@Y -wII < 112 -XII < ll*+ll IVY - 6Wl 
w1 - ll4l - 1 - IITt6TII II41 
5 1 - ll~+w II~llll4l - 1 - 11~+a 
IVY - 6Txll < 
( 
IM IPTII 
llyll + ml . > 
I 
COROLLARY 2.1. Suppose that T-l E B(Y,X) and llT-16Tll < 1. Then, 
IIW~Y - 6Tx)II < 115 - x/I < 
- 1 - Il~-‘6Tll ( 
IlbYll IVTII - - 
2ll4 llxll llyll + IITII ’ > (6) 
where x and Z are the unique solutions of (I) and (4), respectively, 
3. LEAST-SQUARES PROBLEMS 
Now we turn to least-squares problems in Hilbert spaces. Suppose that T E B,(X, Y) and (2) 
is perturbed to 
Ip%-yll =n& (Ii;;-yll (7) 
with 5? = T + bT and fi = y + Sy. We assume that !? E B,(X, Y), and so ?t is also well defined 
and the least-squares problem (7) h as a solution. Let 5’ and ,!? be the solution sets of (2) and (7), 
respectively. 
THEOREM 3.1. Suppose that I/T+&TI/ < 1 and IIGTT+ll 5 1. Then, for any Z E 3, there is x E S 
such that 
IlZ - XII 
’ 1 - jl;+iiTll 
l/T+ 11 IlTx - YII WI + ~IISYII 
11~11 IITII II4I 
+21/6TII 1 IITII ’ 11~ - xl~ >llT+ [6y - ~Tx - @TTt)* +] 11 
llxll - 211~11 
(8) 
(9) 
PROOF. Let z = T+y + (I - T+T)% be the orthogonal projection of Z onto 5’. Then, as proved 
in PI, 
(I+T+dT)(Z-~)=T+[by-~Tx-(dTT+)*f], 
where F = FzE - 5 is the residual of 5, Hence, by Lemma 2.1, 
llTt [by - ux - (STT+)* f] 11 < II_ _ 
2 -5 x 
II < llT+II 116~ - 6Tx - (dTT+)* fll 
l- IIT+GTII ’ 
The left inequality gives the lower bound (9). Since 
lidi = lp - -11 II Y I TX-Y 5 ljT~-~ll+ll~~-~T4l, 11 
115 - XII llTt 11 
’ 1 - I/T+STII 
IIdTTt 11 llfll + IISY - STxll 
llxll II41 
’ 1 - l,;+JTll [ 
I/UT+(l IlTx -YII + IIJYII (II6TT+lj +I) + W’II (I16TTtll +I> 
IITII II41 IITII 1 
’ 1 - Il;+,T,l 
/Tt 11 IlTx - YIIIPTII + WYII 
IITII II4 
+2P3 . 
IITII 1 
This gives the upper bound (8). 
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